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Abstract
In this paper we discuss the scattering effect on entanglement propagation in
RCFTs. In our setup, we consider the time evolution of excited states created by
the insertion of many local operators. Our results show that because of the finiteness
of quantum dimension, entanglement is not changed after the scattering in RCFTs.
In this mean, entanglement is conserved after the scattering event in RCFTs, which
reflects the integrability of the system. Our results are also consistent with the free
quasiparticle picture after the global quenches.
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1 Introduction
AdS/CFT correspondence[1], which is one of the realizations of holographic principle[2, 3],
relates string theory on AdSd+1 spacetime to d dimensional conformal field theory (CFTd).
In the Einstein gravity regime, the number of fields in CFTd should be very large (large N)
and the coupling between them should be strong. Related to these properties, recently the
chaotic nature of holographic CFTs is the focus of attention[4, 5, 6, 7, 8]. Out-of-time order
correlation function (OTOC), or equally the square of the commutator of operators, is one of
the useful quantities to diagnose the chaotic behavior of many body systems[9, 10]. In chaotic
system, we can see the chaotic behavior such as Lyapnov behavior, scrambling and Ruelle
resonance[11, 12]. On the other hand, in integrable CFTs such as RCFT, the behavior
is different and we cannot see such chaotic behavior[13, 14, 15]. The non integrability of
boundary theory seems to be important to create black holes in the bulk1[13, 16, 17].
These differences between integrable CFTs and chaotic CFTs can be seen by the time
evolution of entanglement in excited states. For example, let us consider the time evolution
of entanglement entropy after the global quench in 1 + 1d CFTs[18]. First we consider the
entanglement entropy of the single interval. In this case, the results are universal and depend
only on the central charge c of the CFT when time t and the length of interval L is sufficiently
large compared to the initial correlation length ξ. At early time, entanglement entropy grows
1N=4 SYM is believed to be integrable at large N , but this integrability is broken by the finite N
correction or the introduction of thermal background. We thank to P. Caputa for pointing out this.
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Figure 1: The schematic picture of scattering of EPR pairs. The scattering is represented
the red star, which corresponds to the unitary matrix U on the Hilbelt space of particle 1
and 3.
linearly and saturates at some time determined by the length L. This can be explained by
the freely propagating quasiparticle model. On the other hand, the entanglement entropy
of disjoint region is not universal[19]. Let us consider the case of two intervals. When the
theory is integrable, we find that there is a regime that entanglement entropy decreases. In
other words, we can see a dip in the time evolution of entanglement entropy. This phenomena
can be explained by the model of freely propagating quasiparticles. On the other hand, in
non-integrable theories, such quasiparticle dip becomes smaller. We can think of the size of
the quasiparticle dip as a degree of scrambling, which is a quantum information theoretic
signature of quantum chaos. In holographic CFTs, which are the maximally chaotic CFTs
[6], the quasiparticle dip vanishes.
We can also see such difference in the time evolution of entanglement entropy in local
excited states. Consider the excited states that are created by the insertion of local operators
on the ground states. If the theory is integrable, we can see the propagation of quasiparticles.
At the late time, the change of entanglement entropy saturates and the value is given by
the entanglement between the propagating quasiparticles[20, 21, 22, 23]. On the other hand,
in the case of holographic CFTs, the excess of entanglement entropy does not saturate and
grows logarithmically in time[24, 25, 26]. This growth of entanglement is caused by the
chaotic interaction of holographic CFTs and can be seen as a kind of scrambling.
This difference of entanglement growth after the excitations depends on the property of
interaction (i.e. integrable or chaotic) of the interaction of the systems. Then, how can we
see the scattering effect on the propagation of entanglement? This is the motivation of this
paper. For example, in the paper [27] they consider the effect of scattering between two
EPR pairs on the propagation of entanglement (Figure 1). The initial state is given by the
tensor product of two EPR pairs:
|ψ〉 = 1
1 + |α|2 (|00〉12 + α |11〉12)⊗ (|00〉34 + α |11〉34), (1.1)
where the index of vectors means the label of particles. The initial entanglement entropy
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Figure 2: The figure of the setup we consider in this paper. Oa and Ob are primary operators.
The index of operators means the sector of each primary operator. At t = 0, these operators
are inserted apart from the entangling surface (in this case actually a point) and entangling
quasiparticles are emitted. la and lb represent the length from entangling surface. We
consider the case that A is given by the half of space {x ∈ R|x > 0}.
between particles 1, 3 and 2, 4 is given by the twice of entanglmenet entropy of EPR pairs
1/
√
1 + |α|2(|00〉12+α |11〉12). The scattering effect is given by the action of a unitary matrix
U ∈ U(4) on the Hilbert space of particle 2 and 3. Then the state after the scattering is
given by
|ψf〉 = (1⊗ U ⊗ 1) |ψi〉 . (1.2)
For general U , entanglement entropy between particles 1, 3 and 2, 4 changes after the scat-
tering event. In quantum field theory, the scattering effect U should be determined by the
Hamiltonian of the system. Then, we expect that the scattering effect on the entanglement
reflects the property of system, especially the integrability or chaotic nature. In this pa-
per, we consider the scattering of local excitations in 2d conformal field theory, especially
in RCFT that describes integrable systems. In the case of RCFT, we can create the pair
of quasi-particles by the action of local operator Oa on the ground state Oa |0〉, where the
index a is label of the conformal family that the primary operator belongs to. In RCFT,
as shown in the paper [21, 28, 29], entanglement between quasi-particles are given by log da
where da is so called quantum dimension. To see the interaction effect on entanglement, first
we need to prepare two entangling quasi-particles. This is done by the insertion of two local
operators:
|ψi〉 = OaOb |0〉 (1.3)
Then, if we can calculate the entanglement entropy after the scattering, we can see the
scattering effect on entanglement (Figure.2). This can be done if we follow the time evolution
of entanglement entropy of the state e−iHt |ψi〉 = e−iHtOaOb |0〉. Therefore the problem
reduces to the calculation of time evolution of entanglement entropy after the insertion of
two local operators. We study these problems in this paper.
This paper is organized as follows. In section 2 we briefly review the replica method with
3
single local operator[20]. We also provide an example in RCFT [21] showing how 2d CFT
techniques work in our setup. In section 3 we show the general formulation with arbitrary
number of operators. In section 4 we apply the formalism in section3 to the calculation of
entanglement entropy after the scattering event. First we show the examples of two operators
insertion in Ising CFT. Then we show the general result with arbitrary number of operators
in general RCFT. In section 5 we conclude and comment on the case of chaotic CFTs like
CFT with gravity dual.
2 Review of single operator case
2.1 Construction of states
In this section, we explain the replica method for the excited states by the insertion of local
operators. First we review the insertion of single operator[20][21][22]. The state excited by
an local operator is given by
|Ψ(t)〉 =
√
N−1e−iHte−ǫHO(−l) |0〉 . (2.1)
Here O(−l) is the operator in the Schro¨dinger picture. ǫ is a UV cutoff without which the
state (2.1) is not normalizable and is not in a Hilbert space. Physically we can interpret this
cutoff as a smearing of the excitation to the energy scale given by this. N is the normalization
factor to make the state (2.1) an unit vector. The state (2.1) is understood as the insertion
of an local operator
O(τe,−l) = e−ǫHe−iHtO(−l)eiHteǫH . (2.2)
The factor eiHteǫH on the right hand side of O(−l) is cancelled after acted on the ground
state |0〉, because |0〉 is the eigenstate H |0〉 = 0. The operator (2.2) is evolved by complex
time τe = −ǫ − it. In the calculation, we first use the Euclidean formalism and finally we
analytically continue to the complex time. As we will see later, the value of ǫ is important
to determine the order of insertion of operators [5][30]. The same applies to the bra vectors.
The conjugate of (2.1) becomes as follows:
〈Ψ(t)| =
√
N−1 〈0| O†(−l)eiHte−ǫH . (2.3)
We can see this state as the insertion of local operator
O†(τl,−l) = eǫHe−iHtO†(−l)eiHte−ǫH . (2.4)
where τl = ǫ − it is a complex time which is first treated as a Euclidean time and finally
analytically continued to complex time. In 1+1 dimension, it is useful to use the holomorphic
coordinate. By using the holomorphic coordinate, the density matrix is given by
ρ(t) = N · e−iHte−ǫHO(−l) |0〉 〈0| O†(−l)e−ǫeiHt
= N · O(ζ, ζ¯) |0〉 〈0| O(ζ ′, ζ¯ ′). (2.5)
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Here we defined
ζ = −i(ǫ+ it)− l, ζ¯ = i(ǫ+ it)− l,
ζ ′ = i(ǫ− it)− l, ζ¯ ′ = −i(ǫ− it)− l. (2.6)
Notes that ζ¯ 6= −i(ǫ − it) − l, which is the formal complex conjugate of ζ . What we want
is the analytical continuation to Lorentzian regime keeping the cut off ǫ. Therefore the
holomorphic coordinates and anti holomorphic coordinates are not related by the complex
conjugate after the analytical continuation to complex times.
2.2 Replica method
Next we explain the replica method for the local operator excited states. First we consider
how to construct the states or total density matrices by path integral formalism. In the
ground state cases, we can construct the states (strictly speaking, the wave functionals
evaluated at φ(τ = 0) = ψ) by integrating from −∞ to 0 in Euclidean time[31]. In the local
operator excited states, the only difference is to inserting the operator at τ = τe where τ is
Euclidean time:
〈ψ|Ψ(t)〉 = 〈ψ| e−iHte−ǫHO(−l) |0〉
=
∫ φ(τ=0)=ψ
τ=−∞
Dφ O(τe,−l)e−S[φ]. (2.7)
As we mentioned, we treat the τe as real variable and finally we analytically continue to
complex variable, so we first insert the operator at τ = ǫ and then we continue to τe = −ǫ−it.
The bra vector also expressed as a integral from τ = 0 to τ =∞:
〈Ψ(t)|ψ〉 = 〈0| O†(−l)eiHte−ǫH |ψ〉
=
∫ τ=∞
φ(τ=0)=ψ
Dφ O(τl,−l)e−S[φ]. (2.8)
Next we consider the reduced density matrix. The partial trace of [ρ]ψψ′ = 〈ψ|Ψ〉 〈Ψ|ψ′〉
is realized in path integral formalism [31] by setting the value of ψ(x) and ψ′(x) for x ∈ A¯
and then integrating by ψ on A¯. In other words, we make the reduced density matrix by
cutting the A on τ = 0 and opposing the boundary condition on each boundary:
[ρA]ψ+ψ− = N−1
∫ τ=∞
τ=−∞
Dφ O(τe,−l)O†(τl,−l)
∏
x∈A
δ(φ(+0, x)− ψ+(x))δ(φ(−0, x)− ψ−(x)).
(2.9)
Here N is the normalization constant. This means that we need to insert the two operators in
each sheet, which come from the bra vector and the ket vector. The normalization constant
N is given by tracing out the remaining index of ρA, which should be 1 because of the
normalization of density matrix. From this , we find that the normalization N is given by
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the unnormalized correlation function or the partition function including the insertion of
operators:
N = Z1
=
∫ τ=∞
τ=−∞
Dφ O(τe,−l)O†(τl,−l)e−S[φ]. (2.10)
To find TrρnA, we prepare n copies of (2.9)
[ρA]ψ1+ψ1− [ρA]ψ2+ψ2− · · · [ρA]ψn+ψn− , (2.11)
and then take the trace successively. In the path integral language, this procedure corre-
sponds to gluing ψi± as ψi−(x) = ψ(i+1)+(x)(i = 1, 2, · · · , n) and integrating ψi+. Finally we
get the partition function on n-sheeted covering Σn with 2 operators on each sheet. Then
there are 2n operators on Σn. If we label the coordinates of operator on i-th sheet as x
i
e and
xil, Trρ
n
A/(TrρA)
n is given as follows:
TrρnA
(TrρA)n
=
Zn
Zn1
=
∫
Σn
Dφ O(x1e)O†(x1l ) · · ·O(xne )O†(xnl )e−S[φ]( ∫
Σ1
Dφ O(τe,−l)O†(τl,−l)e−S[φ]
)n . (2.12)
This seems to be the correlation function on n-sheeted manifold, but isn’t exactly equal
because (2.12) is not divided by the normalization factor or the ground state partition
function
∫ Dφ e−S[φ]. As we will see below, by subtracting the ground state contribution,
we can express the trace of of the n-th power of the reduced density matrix in terms of
correlation functions. The ground state contribution for Re´nyi entropy is given by
SgroundA =
1
1− n log
Tr(ρgroundA )
n
(TrρgroundA )
n
=
1
1− n log
∫
Σn
Dφ e−S[φ]
(
∫
Σ1
Dφ e−S[φ])n . (2.13)
Deducing the above contribution , finally we get
∆S
(n)
A (t) =
1
1− n log
Tr(ρA)
n
(TrρA)n
− 1
1− n log
Tr(ρgroundA )
n
(TrρgroundA )
n
=
1
1− n log
∫
Σn
Dφ O(x1e)O†(x1l ) · · ·O(xne )O†(xnl )e−S[φ]∫
Σn
Dφ e−S[φ]
− 1
1 − n log
(
∫
Σ1
Dφ O(τe,−l)O†(τl,−l)e−S[φ])n
(
∫
Σ1
Dφ e−S[φ])n
=
1
1− n log
〈O(x1e)O†(x1l ) · · ·O(xne )O†(xnl )〉Σn
(〈O(τe,−l)O†(τl,−l)〉Σ1)n
. (2.14)
From this, for the calculation of entanglement entropy of this excited states, we only need
to calculate the 2n-point function on n-sheeted manifolds Σn (Figure 3).
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2.3 Example: RCFT case
As an example, let us consider the above excited states in RCFT[21]. Re´nyi entanglement
entropies are given by
∆S
(n)
A (t) =
1
1− n log
〈Oa(w1, w¯1)O†a(w′1, w¯′1) · · ·Oa(wn, w¯n)O†a(w′n, w¯′n)〉Σn
〈Oa(ζ, ζ¯)O†a(ζ ′, ζ¯ ′)〉nΣ1
. (2.15)
We consider the Re´nyi entropies of semi infinite interval A = {x > 0}. Using the conformal
maps w = zn, we can get
〈Oa(w1, w¯1)O†a(w′1, w¯′1) · · ·Oa(wn, w¯n)O†a(w′n, w¯′n)〉Σn
〈Oa(ζ, ζ¯)O†a(ζ ′, ζ¯ ′)〉nΣ1
= Cn · 〈Oa(z1, z¯1)O†a(z′1, z¯′1) · · ·Oa(zn, z¯n)O†a(z′n, z¯′n)〉Σ1 (2.16)
where we defined
Cn =
(
16ǫ4
n4((l2 − t2 + ǫ2)2 + 4ǫ2t2
)n∆a
·
n∏
i=1
(ziz¯i)
∆a(z′iz¯
′
i)
∆a, (2.17)
and
zj = e
2πi j
n (−iǫ+ t− l) 1n = e2πi j−1/2n (l − t + iǫ) 1n ,
z′j = e
2πi j−1
n (iǫ+ t− l) 1n = e2πi j−1/2n (l − t− iǫ) 1n ,
z¯j = e
−2πi j
n (iǫ− t− l) 1n = e−2πi j−1/2n (l + t− iǫ) 1n ,
z¯′j = e
−2πi j−1
n (−iǫ− t− l) 1n = e−2πi j−1/2n (l + t+ iǫ) 1n . (2.18)
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Figure 4: Configuration of the holomorphic part coordinates of operators on z plane in the
n = 4 case. The blue dots represent the holomorphic coordinate of the local operators.
Brown lines are the orbit of coordinates along the time evolution.
∆a that appears in the definition of Cn is the (chiral and anti-chiral) conformal dimension of
the primary operator Oa. The branch cut of w 1n is located on Rew < 0.
Let us first explain the case of 2nd Re´nyi entanglement entropy. In this case, we can
express the excess of the Re´nyi entropy using the 4 point function. Each point is given by
z1 = −
√−iǫ+ t− l = i√l − t+ iǫ, z¯1 = −
√
iǫ− t− l = −i√l + t− iǫ,
z′1 =
√
iǫ+ t− l = i√l − t− iǫ, z¯′1 =
√−iǫ− t− l = −i√l + t + iǫ,
z2 = −z1, z¯1 = −z¯2,
z′2 = −z′1, z¯′2 = −z¯′2. (2.19)
It is useful to define the cross ratios (z, z¯)
z =
(z1 − z′1)(z2 − z′2)
(z1 − z2)(z′1 − z′2)
=
−(l − t) +√(l − t)2 + ǫ2√
(l − t)2 + ǫ2 ,
z¯ =
(z¯1 − z¯′1)(z¯2 − z¯′2)
(z¯1 − z¯2)(z¯′1 − z¯′2)
=
−(l + t) +√(l + t)2 + ǫ2√
(l + t)2 + ǫ2
. (2.20)
By using the global conformal transformation, we can fix the 3 points. Thereforfe 4 point
function can be expressed as the function of cross ratios (z, z¯) as follows:
〈Oa(z1, z¯1)O†a(z′1, z¯′1)Oa(z2, z¯2)O†a(z′2, z¯′2)〉Σ1 = |(z1 − z2)(z′1 − z′2)|−4∆aGa(z, z¯). (2.21)
Also we can show that the ratio (2.16) is expressed as
〈Oa(w1, w¯1)O†a(w′1, w¯′1)Oa(w2, w¯2)O†a(w′2, w¯′2)〉Σ2
〈Oa(ζ, ζ¯)O†a(ζ ′, ζ¯ ′)〉2Σ1
= |z|4∆a |1− z|4∆aGa(z, z¯). (2.22)
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In conformal field theory, we can expand the function Ga(z, z¯) using the conformal blocks:
Ga(z, z¯) =
∑
b
(Cbaa)
2fa(b|z)f¯a(b|z¯), (2.23)
where b runs over all primary fields. In our normalization, conformal blocks behave in
lim z → 0 like
fa(b|z) = z∆b−2∆a(1 +O(z)), (2.24)
where ∆b is the chiral conformal dimension of the primary operator Ob. From (2.20), at
early time 0 < t < l we find that the cross ratio becomes
z ≃ ǫ
2
4(l − t)2 , z¯ ≃
ǫ2
4(l + t)2
, (2.25)
where we used ≃ to denote agreement up to the leading order in ǫ→ 0 limit. Therefore we
obtain (z, z¯) → (0, 0). This means Ga(z, z¯) ≃ |z|−4∆a , as the dominant contribution arises
when b = 0, which is the identity block. This leads to ∆S
(2)
A = 0. This is expected behavior
by the causality that prohibits the propagation faster than the velocity of light. On the other
hand, in the late time t > l we get
z ≃ 1− ǫ
2
4(l − t)2 , z¯ ≃
ǫ2
4(l + t)2
. (2.26)
Therefore we obtain (z, z¯)→ (1, 0). In this regime, we need to take the fusion transformation,
which is the change of basis:
fa(b|1− z) =
∑
c
Fbc[a] · fa(c|z), (2.27)
where Fbc[a] is a Fusion matrix
2. Using this Fusion transformation, in the limit (z, z¯)→ (1, 0)
we obtain
Ga(z, z¯) ≃ F00[a] · (1− z)−2∆a z¯−2∆a . (2.28)
Therefore we find from (2.22) that
∆S
(2)
A (t) = − logF00[a] (t > l). (2.29)
This is the value of 2nd Re´nyi entropy at late time t > l.
Next we consider the general n−th Re´nyi entropies. At early time t < l, the configuration
of holomorphic part of operators on Σ1 is given by the left hand side of Figure4. We obtain
in ǫ→ 0 limit
z′j − zj ≃ −
2iǫ
n(l − t)zj = −
2iǫ
n(l − t)z
′
j ,
z¯′j − z¯j ≃
2iǫ
n(l + t)
z¯j =
2iǫ
n(l + t)
z¯′j . (2.30)
2Usually we use the notation Fij
[
p q
r s
]
for fusion matrix[34]. Here we denote Fij
[
a a∨
a a
]
by Fij [a] for
simplicity.
In this region 2n-point function is factorized as follows
〈Oa(z1, z¯1)O†a(z′1, z¯′1) · · ·Oa(zn, z¯n)O†a(z′n, z¯′n)〉Σ1 ≃
n∏
j=1
〈Oa(zj, z¯j)O†a(z′j, z¯′j)〉Σ1 . (2.31)
Therefore we can confirm that the ratio (2.16) becomes unity and ∆S
(n)
A = 0.
On the other hand, at late time t > l, the configuration of holomorphic parts is given by
the right picture of Figure 4.
zj − z′j+1 ≃ −
2iǫ
n(l − t)z
′
j+1 = −
2iǫ
n(l − t)zj ,
z¯′j − z¯j ≃
2iǫ
n(l + t)
z¯j =
2iǫ
n(l + t)
z¯′j . (2.32)
In order to factorize the 2n-point functions into n 2-point functions, we need to rearrange
the order of the holomorphic coordinates:
(z′1, z1)(z
′
2, z2) · · · (z′n, zn)→ (z1, z′2)(z2, z′3) · · · (zn, z′1). (2.33)
By acting n− 1 times the fusion transformations as depicted in the Figure 5 , we obtain
〈Oa(z1, z¯1)O†a(z′1, z¯′1) · · ·Oa(zn, z¯n)O†a(z′n, z¯′n)〉Σ1 ≃ (F00[a])n−1 ·
[
n∏
j=1
(zj − z′j+1)(z¯′j − z¯j)
]
.
(2.34)
Using this factorization, we find that the ratio (2.16) at late time becomes F00[a]
n−1 . In
this way, we obtain the following formula [21]:
∆S
(n)
A (t) = log da (t > l), (2.35)
where we use the formula F00[a] = d
−1
a [34]. da is so called quantum dimension and by using
modular S matrix Sab this is given by S0a/S00. This result is interpreted as the entanglement
propagation carried by the entangling quasiparticles that share the entanglement entropy to
the amount of log da.
Finally we comment on the singularity structure (2.28) which appears in the calculation of
2nd Re´nyi entropy. This type of singularity appears in the setup of entanglement scrambling
[19]. As mentioned in [19], this type of singularity z¯−2∆a(1− z)−2∆a does not exist in general
CFT. Generically, the singularity of z → 1 limit of fa(0|z) is less singular (1 − z)−2∆singular
because of the crossing symmetry Ga(z, z¯) = Ga(1 − z, 1 − z¯) [19], where 2∆singular is the
power of this singularity and satisfy ∆singular ≤ ∆a. In RCFT, because of finiteness of the
theory, the coefficient F00[a] is always finite and has the power of singularity always given by
2∆a. This finiteness of F00[a] plays an essential role in the case of many operator insertion
case.
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Figure 5: The left picture represents the fusion transformation of the 4-point conformal
block . The bold connecting two operators shows that we take the OPE of these operators.
The thin lines shows the intermediate Identity sector. The right picture shows the sequence
of fusion transformations to get the Re´nyi entropy ∆S
(n)
A , which is a combination of fusion
transformations in 4-point formal blocks.
3 Excitations by multiple operators
In this section, we consider the insertion of many local operators. Naively, the states are
given by
|Ψ(t)〉 ?= Oa1(τe,−l1) · · ·Oak(τe,−lk) |0〉 , (3.1)
using the same ǫ as the smearing parameter of local operator. However in this case, we need
to take care of the order of operators. In our calculation, first the Euclidean correlation
functions and then analytically continue to Lorentzian correlation functions. In Euclidean
signature, the correlation function given by path integral becomes time ordered correlation
function in imaginary time 〈0|Tτ (Oa1 · · ·Oak)|0〉 in the operator formalism, where Tτ denotes
the imaginary time ordering. Therefore the order of operator is determined by the value of
imaginary time. We assign the different imaginary times {ǫp} for each operator. Then, the
leftmost operator corresponds to the smallest value of ǫp, the second operator corresponds
to the second smallest, and so on. We choose the values of {ǫp} to be ǫ1 < ǫ2 · · · < ǫk and
then the following state is realized by the path integral with the insertion of local operators:
|Ψ(t)〉 =
√
N−1Oa1(τ 1e ,−l1)Oa2(τ 2e ,−l2) · · ·Oak(τke ,−lk) |0〉 . (3.2)
Here τ pe = −ǫp−it. In terms of holomorphic coordinates, the position (ζp,ζ¯p) of each operator
is given by
ζp = −i(ǫp + it)− lp, ζ¯p = i(ǫp + it)− lp. (3.3)
Similarly, the bra vector is given by
〈Ψ(t)| =
√
N−1 〈0| O†k(τkl ,−lk) · · ·O†2(τ 2l ,−l2)O†1(τ 1l ,−l1)
= 〈0| O†k(ζ ′k, ζ¯ ′k) · · ·O†2(ζ ′2, ζ¯ ′2)O†1(ζ ′1, ζ¯ ′1), (3.4)
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where τ pl = ǫp − it and each holomorphic coordinate (ζ ′p, ζ¯ ′p) is given by
ζ ′p = i(ǫp − it)− lp, ζ¯ ′p = −i(ǫp − it)− lp. (3.5)
Pictorially, we can represent the bra vector and ket vector as Figure 6. In the same manner
with the single operator insertion, we can express the Re´nyi entanglement entropy using
correlation function:
∆S
(n)
A (t) =
1
1− n log
〈∏ni=1∏kp=1Oap(wi,p, w¯i,p)O†ap(w′i,p, w¯′i,p)〉Σn
〈∏kp=1Oap(ζp, ζ¯p)O†ap(ζ ′p, ζ¯ ′p)〉nΣ1 . (3.6)
The coordinates wi,p and w
′
i,p are given by the Figure 7
3. More explicitly, using the
conformal map from n-sheeted surface to 1-sheet surface f : Σn → Σ1 (here we assume the
transformation is given by zn = g(w) where z ∈ Σ1 and w ∈ Σn and g(w) is a single-valued
holomorphic function), we can express the coordinates wi,p and w
′
i,p as
zj,p = f(wj,p) = e
2pii
n
j n
√
g(ζp), z¯j,p = f¯(w¯j,p) = e
− 2pii
n
j n
√
g¯(ζ¯p),
z′j,p = f(w
′
j,p) = e
2pii
n
j n
√
g(ζ ′p), z¯
′
j,p = f¯(w¯
′
j,p) = e
− 2pii
n
j n
√
g¯(ζ¯ ′p). (3.7)
In this paper, we only consider the region A is either an infinite half line A = {x > 0} or
an interval A = {0 < x < L}. In the former case , the function g is given by g(w) = w . In
latter case, conformal case, conformal map f is given by g(w) = w
w−L .
4 Many operators excitations in RCFT
4.1 Example: 2nd Re´nyi entropy in Ising CFT
Before considering the general case, first we consider the case of Ising model, which is the
first entry of minimal models. This theory has 3 primary operators: Identity I, spin operator
σ(z, z¯) and energy operator ε(z, z¯). The quantum dimension of each operator is given by
dI = 1, dσ =
√
2 and dε = 1.
In the case of Ising CFT, we can calculate all correlation functions using bosonization
technique[32]. The correlation functions of 2n spin operators and p energy operators on a
plane are given by
〈σ(1) · · ·σ(2n)ε(2n+ 1) · · · ε(2n+ p)〉2 = (−1)p2n 〈
2n∏
i=1
cos
ϕ
2
(i)
2n+p∏
k=2n+1
(∇ϕ/2)2(k)〉 , (4.1)
where the correlation function of two bosons is given by 〈ϕ(z, z¯)ϕ(w, w¯)〉 = − ln |z − w|2.
We need to take the square root of the rhs of (4.1) and this square root actually gives a
3Here we omitted the explicit expression of coordinate on Σn because we only need the coordinate after
the conformal map to Σ1 and don’t need them.
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x
Figure 6: Path integral representation of the states with k operator insertion.The left picture
corresponds to the ket vectors and the right picture corresponds to the bra vectors.
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nontrivial correlation between operators. In our case, to calculate 2nd Re´nyi entropy we
need to calculate the following correlation functions:
∆S
(2)
A (t)
=
〈σ(w1,1, w¯1,1)σ(w2,1, w¯2,1)σ(w1,2, w¯1,2)σ(w2,2, w¯2,2)σ(w′1,1, w¯′1,1)σ(w′2,1, w¯′2,1)σ(w′1,2, w¯′1,2)σ(w′2,2, w¯′2,2)〉Σ2
〈σ(ζ1, ζ¯1)σ(ζ2, ζ¯2)σ(ζ ′1, ζ¯ ′1)σ(ζ ′2, ζ¯ ′2)〉2Σ1
.
(4.2)
for σ(−l1)σ(−l2) |0〉 and
∆S
(2)
A (t)
=
〈ε(w1,1, w¯1,1)ε(w2,1, w¯2,1)σ(w1,2, w¯1,2)σ(w2,2, w¯2,2)ε(w′1,1, w¯′1,1)ε(w′2,1, w¯′2,1)σ(w′1,2, w¯′1,2)σ(w′2,2, w¯′2,2)〉Σ2
〈ε(ζ1, ζ¯1)σ(ζ2, ζ¯2)ε(ζ ′1, ζ¯ ′1)σ(ζ ′2, ζ¯ ′2)〉2Σ1
.
(4.3)
for ε(−l1)σ(−l2) |0〉. We consider the case that the subsystem A is given by the interval
[0, L]. In this case, using the conformal map z2 = w
w−L , we can map the 2-sheet surface Σ2 to
the one sheet surface Σ1 = C. The correlation function of primary operators are transformed
as
〈σ(w1,1, w¯1,1) · · ·σ(w′2,2, w¯′2,2)〉Σn
=
2∏
i=1
2∏
p=1
∣∣∣dwi,p
dzi,p
∣∣∣−2∆σ ∣∣∣dw′i,p
dz′i,p
∣∣∣−2∆σ 〈σ(z1,1, z¯1,1) · · ·σ(z′2,2, z¯′2,2)〉Σ1
=
2∏
i=1
2∏
p=1
∣∣∣z2i,p − 1
2zi,pL
∣∣∣2∆σ ∣∣∣z′i,p2 − 1
2z′i,pL
∣∣∣2∆σ 〈σ(z1,1, z¯1,1) · · ·σ(z′2,2, z¯′2,2)〉Σ1 . (4.4)
The same holds for ε(−l1)σ(−l2) |0〉. Combining the above things, we can follow the time
evolution of 2nd Re´nyi entropy directly. We show the results for ǫ(−l1)σ(−l2) |0〉 and
σ(−l1)σ(−l2) |0〉 in Figure 9. Especially, we find that in the region l2 < t < l1 + L, in
which region we can see the scattering effect, 2nd Re´nyi entropy is given by
∆S
(2)
A (t) ≃ 0.69 (4.5)
for σ(−l1)σ(−l2) |0〉. This value is quite close to 2 log dσ, which is the initial value of 2nd
Re´nyi entropy. In the case of σ(−lσ)ǫ(−lǫ) |0〉, we find that
∆S
(2)
A (t) ≃ 0.346. (4.6)
This is also almost the same value with log dσ + log dε, which is the same with the initial
2nd Re´nyi entropy. These results suggest that after the scattering the entanglement (Re´nyi)
entropy is not changed in RCFT. This is also suggested from the numerical calculation in
corresponding spin system[33]. In the next section we will confirm that this statement is
true for generic cases.
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Figure 9: These are the plots of 2nd Re´nyi entropy. The vertical line is the difference of Re´nyi
entropy from ground state ∆S
(2)
A and the horizontal line is time t. The left graph is the time
evolution of σ(−l1)σ(−l2) |0〉 and the right graph is that of ε(−l1)σ(−l2) |0〉. We put l1 = 2,
l2 = 1 and L = 3, therefore in the region 2 < t < 4 we can see the scattering effect. In the left
graph, we put ǫ1 = 0.001, ǫ2 = 0.002. In the right graph, we put ǫ1 = 0.00001, ǫ2 = 0.00002.
4.2 n-th Re´nyi entropies of general RCFT
Next we show that there are no scattering effect for arbitrary k(number of operators) and
n(replica number) in general RCFT. In other words, we show that the (Re´nyi) entanglement
entropy is given by the sum of the contributions from each operator:
∆S
(n)
A (t) =
j∑
p=1
log dap (lj < t < lj+1). (4.7)
Here we rearranged lp to be l1 < l2 < · · · < lk and we put lk+1 = ∞. We also consider the
case that A is an half interval x > 0 for simplicity. Then the ratio included in (3.7) is given
by
〈∏ni=1∏kp=1Oap(wi,p, w¯i,p)O†ap(w′i,p, w¯′i,p)〉Σn
〈∏kp=1Oap(ζp, ζ¯p)O†ap(ζ ′p, ζ¯ ′p)〉nΣ1
= Cn,k · 〈
n∏
i=1
k∏
p=1
Oap(zi,p, z¯i,p)O†ap(z′i,p, z¯′i,p)〉 Σ1 . (4.8)
where we defined
Cn,k =
k∏
p=1
[(
16ǫ4p
n4((l2p − t2 + ǫ2p)2 + 4ǫ2pt2
)n∆ap
·
n∏
i=1
(zi,az¯i,a)
∆a(z′i,az¯
′
i,a)
∆ap
]
. (4.9)
Generalization to the finite interval is straightforward. The essential point is that for arbi-
trary time t the 2nk-point function factorizes to the product of 2n-point functions for each
p
〈
n∏
i=1
k∏
p=1
Oap(zi,p, z¯i,p)O†ap(z′i,p, z¯′i,p)〉 Σ1 ≃
k∏
p=1
〈
n∏
i=1
Oap(zi,p, z¯i,p)O†ap(z′i,p, z¯′i,p)〉 Σ1 , (4.10)
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in the ǫp → 0 limit. This factorization essentially comes from the fact that the conformal
block fa(0|z) has the most divergent singularity (1 − z)−2∆a because the coefficient of this
term F00[a] is always finite in RCFT. From this factorization, we can use the same argument
of single operator excitations case. First we explain n = 2 case how these factorization holds
in RCFT even in the lorentzian OPE limit, and then we generalize to n-th Re´nyi entropies.
4.2.1 2nd Re´nyi entropy
In this case, the difference of Re´nyi entanglement entropy is given using the 8-function of
Oa’s and Ob’s. Here we used the a, b as the label of the local operators instead of a1 and
a2. We also use a and b as the index p to avoid the complicated notation. From now, we
analyze this 8-point function
〈Oa(z1,a, z¯1,a)Oa(z2,a, z¯2,a)Ob(z1,b, z¯1,b)Ob(z2,b, z¯2,b)O†a(z′1,a, z¯′1,a)O†a(z′2,a, z¯′2,a)O†b(z′1,b, z¯′1,b)O†b(z′2,b, z¯′2,b)〉Σ1 .
(4.11)
In order to avoid the lengthy notation, we sometimes omit the coordinates of operators
and represent each operator by Oa instead of Oa(zi,a, z¯i,a). In this notation, the 8-point
function is expressed as
〈OaOaObObO†aO†aO†bO†b〉Σ1 . (4.12)
(a)In the early time 0 < t < la, the configuration of operators given by the left picture of
Figure 10 and the 8-point function factorizes to the combination of 2-point functions:
〈OaOaObObO†aO†aO†bO†b〉Σ1
≃ 〈Oa(z1,a, z¯1,a)O†a(z′1,a, z¯′1,a)〉Σ1 〈Oa(z2,a, z¯2,a)O
†
a(z
′
2,a, z¯
′
2,a)〉Σ1
· 〈Ob(z1,b, z¯1,b)O†b(z′1,b, z¯′1,b)〉Σ1 〈Ob(z2,b, z¯2,b)O
†
b(z
′
2,b, z¯
′
2,b)〉Σ1 . (4.13)
(b)Around t ∼ la, the configuration of operators are given by the middle picture of Figure
10. In this regime, we can not ignore the existence of ǫa and the correlation function does
not factorize to the product of 2-point functions. However ǫa ≪ |lb− la| still holds. Therefore
the 8-point function factorizes to the product of 4-point functions:
〈OaOaObObO†aO†aO†bO†b〉Σ1
≃ 〈Oa(z1,a, z¯1,a)O†a(z′1,a, z¯′1,a)Oa(z2,a, z¯2,a)O†a(z′2,a, z¯′2,a)〉Σ1
· 〈Ob(z1,b, z¯1,b)O†b(z′1,b, z¯′1,b)Ob(z2,b, z¯2,b)O†b(z′2,b, z¯′2,b)〉Σ1
≃ 〈Oa(z1,a, z¯1,a)O†a(z′1,a, z¯′1,a)Oa(z2,a, z¯2,a)O†a(z′2,a, z¯′2,a)〉Σ1
· 〈Ob(z1,b, z¯1,b)Σ1O†b(z′1,b, z¯′1,b)〉Σ1 · 〈Ob(z2,b, z¯2,b)O
†
b(z
′
2,b, z¯
′
2,b)〉Σ1 . (4.14)
16
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Figure 10: These pictures show how the chiral parts of local operators move by the time
evolution. Local operators labeled by a is represented as the red dots, and the blue dots
correspond to the local operators labeled by b. The dotted lines represent the orbits of
holomorphic part coordinates of local operators.
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We explain in detail why this factorization holds. The correlation function can be expressed
using conformal blocks:
G(z1, z2, · · · ) =
∑
i,j,k,···
aijk···Fijk···(z1, z2, · · · )F¯ijk···(z¯1, z¯2, · · · )
=
∑
i
∑
j,k,···
aijk···Fijk···(z1, z2, · · · )F¯ijk···(z¯1, z¯2, · · · )
=
∑
i
Gi(z1, z¯1, z2, z¯2, · · · ), (4.15)
where Gi =
∑
j,k,··· aijk···Fijk···F¯ijk···. Therefore we can expand the correlation function with
some intermediate states. Here, we first take the OPE among Oa’s and also Ob’s separately
and then take the remaining OPE(see Figure 11). We take this as Gi, and we denote this by
〈OaO†aOaO†aObO†bObO†b〉i. Because the chiral parts of Oa’s and Ob’s are largely separated,
we can ignore the the intermediate states. This can be seen, for example, we see the radial
direction as time. We find the factor e−(log
√
|lb−la|−log√ǫa)L0 = (ǫa/|lb − la|) 12L0 , where L0 is
the Virasoro operator of level zero. From this, 〈OaO†aOaO†aObO†bObO†b〉i is suppressed by the
factor (ǫa/|lb− la|) 12∆i. Therefore we can only take the one that the intermediate state is the
identity I and we can take the fusion transformation among Oa’s without taking care of the
existence of Ob’s .
(c) In the regime la < t < lb, correlation function are factorized but the rearrangement is
needed as is the case with single local operator insertion (2.33). In this region, we need
rearrangement only among Oa’s:
(z′1,a, z1,a)(z
′
2,a, z2,a)(z
′
1,b, z1,b)(z
′
2,b, z2,b)→ (z1,a, z′2,a)(z2,a, z′1,a)(z′1,b, z1,b)(z′2,b, z2,b). (4.16)
Then, the 8-function is factorized as follows:
〈OaOaObObO†aO†aO†bO†b〉Σ1
≃ F00[a][(z1,a − z′2,a)(z2,a − z′1,a)(z¯′1,a − z¯1,a)(z¯′2,a − z¯2,a)]−2∆a
· 〈Ob(z1,b, z¯1,b)O†b(z′1,b, z¯′1,b)〉Σ1 〈Ob(z2,b, z¯2,b)O
†
b(z
′
2,b, z¯
′
2,b)〉Σ1 . (4.17)
Because F00[a] is not 0 but finite in RCFT, the leading term 1/(ǫ
8∆a
a ǫ
8∆b
b ) contained in
〈OaO†aOaO†a〉 〈ObO†bObO†b〉 does not vanish under the time evolution of our consideration.
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Figure 12: (i)leading conformal block (ii)(iii)subleading conformal blocks. (i) gives the
contribution of order ǫ−4∆aa ǫ
−4∆b
b contribution. (ii) gives the order of ǫ
−4∆+2∆i
a ǫ
−4∆b
b and (iii)
is the order of ǫ−4∆a+∆ia ǫ
−4∆b+∆i
b . (iii) contains interaction effects through the propagation
of the state Oi.
The finiteness of F00[a] = d
−1
a is important. If the quantum dimension da is not finite but
infinite, this means the leading term (4.17) is absent in the 8 point correlator. In this case
we need to take into account the subleading term contribution, which generically contains
the contribution like (ii) or (iii) of Figure 12. Especially, the conformal block represented by
(iii) contains the interaction between Oa’s and Ob’s through the intermediate state labeled
by i. These nontrivial intermediate states decrese the order of ǫa and ǫb, and these conformal
blocks does not contribute in RCFT.
The contribution from Ob’s are cancelled with the factor (4.9) and the ratio (4.8) becomes
F00[a]. Therefore 2nd Re´nyi entropy becomes
∆S
(2)
A (t) = − logF00[a]
= log da. (la < t < lb) (4.18)
(d) Next we consider the time around t ∼ lb. This is the same with the case t ∼ la and the
configuration of oeprators is given by the right picture of Figure 10. In this region we cannot
ignore the existence ǫb and the 8-point function does not factorizes to the product of 2-point
functions. However ǫb ≪ |lb − la| still holds and Ob’s are decouples from Oa’s as is the case
with the region t ∼ la. Therefore the 8-point function becomes
〈OaOaObObO†aO†aO†bO†b〉Σ1
≃ F00[a][(z1,a − z′2,a)(z2,a − z′1,a)(z¯′1,a − z¯1,a)(z¯′2,a − z¯2,a)]−2∆a
· 〈Ob(z1,b, z¯1,b)O†b(z′1,b, z¯′1,b)Ob(z2,b, z¯2,b)O†b(z′2,b, z¯′2,b)〉Σ1 . (4.19)
Therefore we can take the fusion transformation amongOb without taking care of the exis-
tence of Oa’s.
(e)Finally, in the regime lb < t, we need to take into account the rearrangement among Ob’s
(z1,a, z
′
2,a)(z2,a, z
′
1,a)(z
′
1,b, z1,b)(z
′
2,b, z2,b)→ (z1,a, z′2,a)(z2,a, z′1,a)(z1,b, z′2,b)(z2,b, z′1,b). (4.20)
Then,the fusion coefficient F00[b] appears from this rearrangement:
〈OaOaObObO†aO†aO†bO†b〉Σ1
≃ F00[a]F00[b][(z1,a − z′2,a)(z2,a − z′1,a)(z¯′1,a − z¯1,a)(z¯′2,a − z¯2,a)]−2∆a
·[(z1,b − z′2,b)(z2,b − z′1,b)(z¯′1,b − z¯1,b)(z¯′2,b − z¯2,b)]−2∆b . (4.21)
Note that the leading contribution (4.21) does not vanish because F00[b] = d
−1
b is not zero.
Otherwise we need to take into account the subleading contributions from 〈OaO†aOaO†aObO†bObO†b〉i
and the answer will be contain the interaction effect between Oa’s and Ob’s. (z1,a − z′2,a) ’s
cancel with Cn,k in ǫa, ǫb → 0 limit and finally we obtain
∆S
(2)
A (t) = − logF00[a]F00[b]
= log da + log db (t < lb). (4.22)
Summarizing the above, we find that the time evolution of 2nd Re´nyi entropy becomes
∆S
(2)
A (t) =


0 0 < t < la
log da la < t < lb
log da + log db lb < t
. (4.23)
4.2.2 n-th Re´nyi entropies
The above steps are generalized to general n-th Re´nyi entropies S
(n)
A with arbitrary number of
operators. Because in RCFT the fusion coefficients F00[ap] = d
−1
ap
are always finite. Therefore
, for the same reason with the case of 2nd Re´nyi entropy, in the regime lj < t < lj+1 the
2nk-point function is factorized as
〈
n∏
i=1
k∏
p=1
Oap(zi,p, z¯i,p)O†ap(z′i,p, z¯′i,p)〉 Σ1
≃
j∏
p=1
[
(F00[ap])
n−1
( n∏
i=1
(zi,p − z′i+1,p)(z¯′i,p − z¯i,p)
)−2∆ap]
×
k∏
p=j+1
n∏
i=1
〈Oap(zi,p, z¯i,p)O†ap(z′i,p, z¯′i,p)〉Σ1 . (4.24)
From this factorization property, in ǫp → 0 limit Re´nyi entropy becomes
∆S
(n)
A (t) =
1
1− n log
[
j∏
p=1
(F00[ap])
n−1
]
=
j∑
p=1
log dap (lj < t < lj+1). (4.25)
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The time evolution of Re´nyi entropy is given by
∆S
(n)
A (t) =


0 (0 < t < l1)
j∑
p=1
log dap (lj < t < lj+1)
k∑
p=1
log dap (lk < t)
. (4.26)
This is also conjectured in [33]. This is true for any replica number n, we can take the
analytic continuation n → 1 and we find that entanglement entropy is also given by the
same value.
4.3 scattering effect on entanglement entropy
From now we will back to the problem of scattering effect on the entangelment propagation.
Consider the excitation by two operators. Before the scattering, entanglement entropy be-
tween each quasiparticle pair is given by log da. Therefore initial entanglement entropy S
i
A
is given by
SiA = log da + log db. (4.27)
On the other hand, entanglement entropy after the scattering is given by that of ∆SA in the
region t > max(la, lb). Therefore, from (4.26) we find that entanglement entropy S
f
A after
the scattering is given by
SfA = log da + log db. (4.28)
Then, we find that the entanglement between particle 1, 3 and 2, 4 does not change after
the scattering.
We can also consider the excitations by many operators like the situation drawn in
Figure 13. Also in this case, we the entanglement between left moving quasiparticles and
right moving ones quasiparticles are given by
SiA = S
f
A =
k∑
p=1
log dap. (4.29)
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Therefore we can conclude that entanglement is conserved after the scattering in RCFT.
This is the main result of this paper. This is nontrivial statement because RCFTs also
include interaction. For example, at first site we can describe minimal models using free
boson[32] and expect no interaction. However in this description there is also a screening
operator as an interaction term in the Lagrangian. Therefore we need to sum various OPE
channels and the resulting correlation function is not the same with that of free theory.
Because the interaction of RCFTs is integrable, which is a special property and leads to the
finiteness of F00[a] = d
−1
a , entanglement entropy does not change after the scattering.
5 Discussion
In this paper we have discussed the scattering effect on the entanglement propagation in
RCFTs. In RCFTs, we expect that there should be something special on the effect of
entanglement, because the interaction of RCFT is integrable and has the special property
like the factorization of many scatterings to two scattering4. We showed that the finiteness
of quantum dimension da leads to the no scattering effect on the entanglement propagation,
or the conservation of entanglement under the scattering event. Our results also support
the picture of freely propagating quasiparticles after the global quenches in RCFTs [19].
In RCFTs, after the global quenches quasiparticles are created and freely propagate. This
leads to the existence of the dip in the time evolution of entanglement entropy of two disjoint
intervals. Our results of freely propagating quasiparticles are consistent with the existence of
the quasiparticle dip[19] after the global quenches. It is interesting to note that the finiteness
of quantum dimension of twist operator σ2 in RCFT
5 leads to the quasiparticle dip after
global quenches[19]. It is also interesting that even in the case of many operators insertion, we
can extract only the quantum dimension, which is the first column of modular S-matrix. On
the other hand out-of-time order correlators(OTOC), which is a quantity that can diagnose
the quantum chaotic property of many body systems, can extract all the matrix element of
modular S-matrix[14, 15]. It is interesting problem to construct the setup that can extract
all the matrix element of modular S-matrix only using (Re´nyi) entanglement entropy. Our
results hold in all RCFTs, especially in WN minimal model, which has and holographic dual
with higher spin symmetry[35]. It is interesting to consider the holographic dual of many
local operator insertion in these models. Physically, this will be the higher spin analog of
black hole collapse[36].
Finally we comment on the holographic CFTs. In this paper we concentrated on the
RCFT case. Contrary to RCFTs, holographic CFTs ,which describe the gravity, will be quite
opposite and believed to be chaotic[4, 5]. The situation is quite different even in the case
4Though in CFT we cannot define the asymptotic states and the scattering matrix, we expect that we
can define S-matrix by adding a mass term by an integrable deformation.
5To be more precise, the twist operator is the primary field in the orbifold theory CFT⊗n/Zn and quantum
dimension is defined in this theory.
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of single local operator insertion[24, 25]. Actually, the corresponding term to the quantum
dimension is divergent at least in the large c limit[24]. Therefore we cannot ignore the
subleading terms and expect that the entanglement propagation is not the naive summation
of two excitations. These can be expected by considering the holographic dual of a local
excitation by insertion of a heavy local operator[25]. The holographic dual of heavy operator
insertion is given by a falling particle in AdS and its back reaction[37], which is sometimes
called as conformal soliton[38, 39]. Therefore, the holographic dual of two local operators
insertion should be represented by the two falling particles and its back reacted geometry.
These geometry will not be represented by the naive combination of two falling particles and
the metric will take more complicated form. It is interesting to construct the geometry with
two falling particles. At least in 2+1 dimension, the geometry is locally AdS3, therefore we
may be construct the exact metric as a quotient of AdS3.
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